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We derive the power spectra of the scalar- and tensor-type structures generated in a chaotic-type
inflation model based on non-minimally coupled scalar field with a self interaction. By comparing
contributions of both-structures to the anisotropy of the cosmic microwave background radiation
with the four-year COBE-DMR data on quadrupole anisotropy we derive constraints on the ratio of
self-coupling and non-minimal coupling constants, and the expansion rate in the inflation era, Eq.
(12). The requirement of successful amount of inflation further constrains the relative amount of
tensor-type contribution, Eq. (16).
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Immediately after the advent of inflation as a scenario
in the early universe, the inflation is recognized as pro-
viding a consistent and successful mechanism for the gen-
eration and evolution of the observed large-scale cosmic
structures, [1]. In such a scenario, the observed large-
scale structures, in return, can provide constraints on the
physics during the inflation era which is usually based
on model scalar fields or generalized versions of gravity
theories. In particular, the observed anisotropies of the
cosmic microwave background radiation (CMBR) in the
large-scale (being still in linear regime and uncontami-
nated by later evolution of small-scale structures) is of-
ten regarded as providing a clean window to probe the
inflation era. In fact, probing the early universe, thus
the corresponding high-energy physics, using this obser-
vational ‘window’ became a popular activity in this ac-
tive field connecting the early universe physics and the
large-scale observation projects. At the moment, how-
ever, the presently available observational data does not
constrain uniquely the early universe physics, and design-
ing the early universe based on the observation is possible
only for certain restricted situations; for example, de-
signing the field potential of a minimally coupled scalar
field assuming the slow-roll approximation, [2,3]. Usu-
ally, most approaches are taken in the other way. That
is, if a plausible inflation scenario is made we can use
the CMBR observation data to constrain the model pa-
rameters. The extreme high-level isotropy of the CMBR
provides strong constraints, and often excludes the con-
sidered model from the list of candidate for a success-
ful inflation. In this paper, using a recent CMBR data
we will derive constraints on a candidate based on non-
minimally coupled scalar field and suggest a viable pa-
rameter range tolerable by future CMBR experiments.
In [4] a chaotic-type inflation scenario was proposed
based on strong-coupling regime of the non-minimally
coupled scalar field with a self-coupling. As in the or-
dinary chaotic inflation scenario, the extreme low-level
anisotropy of the CMBR gives strong constraints on the
model parameters. In the literature, such constraints
were derived either using the scalar-type structure [2,4,5]
or the tensor-type structure [6]. In this paper using both-
structures and the four-year COBE-DMR data we will
derive the proper constraints on the coupling constants
and Hubble parameter in the inflation era: the result is in
Eq. (12). Condition of enough e-folds during the inflation
gives an additional constraint on the relative strength
of the gravitational wave compared with the scalar-type
structure: see Eq. (16).
In [7,8] we analysed the quantum generation and the
classical evolution processes of the scalar- and tensor-
type structures based on the following generalized gravity
L = √−g
[
1
2
f(φ,R)− 1
2
ω(φ)φ;cφ,c − V (φ)
]
. (1)
Equations for the spatially homogeneous, isotropic and
flat background are in Eq. (5) of [7]; for a more complete
set, see Eqs. (38,51-53) in [9]. The on-shell Lagrangians
for the scalar- and tensor-type structures are presented
in Eq. (7) of [7] and Eq. (3,24) of [8], respectively. The
non-minimally coupled scalar field is a case with f =
(κ−2 − ξφ2)R, thus F ≡ f,R = κ−2 − ξφ2, and ω = 1
where κ2 ≡ 8πm−2pl . We consider a self-coupling V =
1
4λφ
4. Thus, in the following we will use freely the results
derived in [7,8].
Assuming the slow-rolls (|φ¨/φ˙| ≪ H ≡ a˙/a and
|φ˙/φ| ≪ H), the potential-dominance (12 (1−6ξ)φ˙2 ≪ V ),
and the strong-coupling (|κ2ξφ2| ≫ 1) conditions we have
the following solution for the background, [4–6]:
H = Hi +
λ
3κ2ξ(1− 6ξ) (t− ti) , φ =
√
−12 ξ
λ
H, (2)
where we consider ξ < 0 case [10]. In the regime Hi term
dominates H (we call it a near-exponential condition)
we have a near exponentially expanding period a ∝ eHit
which can provide a plausible inflation scenario, [4].
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The background evolution in Eq. (2) leads to n = 2
in Eq. (21) of [7] and ng = 2 in Eq. (11) of [8]. Thus,
the general mode-function solutions in Eq. (14) of [7]
and Eq. (29) of [8] include our cases as special subsets.
In the large-scale limit, the general power spectra based
on vacuum expectation values in Eq. (16) of [7] and Eq.
(32) of [8] lead to the following:
P1/2ϕˆδφ =
H
|φ˙|P
1/2
δφˆϕ
=
H2
2π|φ˙|
1√
1− 6ξ
∣∣c2(k)− c1(k)∣∣, (3)
P1/2
Cˆαβ
=
κH√
2π
1√
1− κ2ξφ2
√
1
2
∑
ℓ
∣∣cℓ2(k)− cℓ1(k)∣∣2, (4)
where ℓ indicates the two polarization states of the grav-
itational wave. In these forms, ξ = 0 reproduces cor-
rectly the minimally coupled limit, [11]; see Eqs. (56,6)
of [7] and Eq. (34) of [8] [Eq. (4) is not applicable for
general κ2ξφ2, though]. ci(k) and cℓi(k) are constrained
by the quantization conditions: |c2|2 − |c1|2 = 1, and
|cℓ2|2 − |cℓ1|2 = 1. Notice the general dependences of
the power spectra on the scale k through the vacuum
choices which fix ci and cℓi. If we choose the simplest
vacuum states c2 = 1 and cℓ2 = 1 the power spectra are
independent of k, thus are scale invariant, [12].
Using Eq. (2), Eqs. (3,4) become:
P1/2ϕˆδφ =
(
Hi
mpl
)2√
−12ξ(1− 6ξ)
λ
∣∣c2 − c1∣∣, (5)
P1/2
Cˆαβ
=
1
2π
√
λ
6ξ2
√
1
2
∑
ℓ
∣∣cℓ2 − cℓ1∣∣2. (6)
By identifying the power spectra based on the vacuum ex-
pectation values during the inflation era [Pϕˆδφ and PCˆαβ ]
with the classical power spectra based on the spatial av-
erages [Pϕδφ and PCαβ ] (both in the large-scale limit), we
have the same results in Eqs. (5,6) now valid for Pϕδφ
and PCαβ , [13].
In [7,8] we have shown that, ignoring the transient solu-
tions, ϕδφ and Cαβ are conserved independently of chang-
ing gravity, changing potential, and changing equation of
state, as long as the scale remains in the large-scale limit;
this is the case for the observationally relevant scales be-
fore the second (inward) horizon crossing in the matter
dominated era. Consequently, even in the matter dom-
inated era Eqs. (5,6) remain valid as the power spectra
in the large-scale limits [the super-sound-horizon for the
scalar-type structure and the super-horizon for the grav-
itational wave]. Thus, choosing the simplest vacuum in
the inflation era, we have the final classical spectra in the
large-scale limit in matter dominated era as [14]:
P1/2ϕδφ =
(
Hi
mpl
)2√
−12ξ(1− 6ξ)
λ
, (7)
P1/2Cαβ =
1
2π
√
λ
6ξ2
. (8)
From these power spectra we can derive the rest of
the power spectra of the classically fluctuating quanti-
ties: density, velocity, and potential fluctuations, and the
anisotropy in the CMBR. For example, the rotationally
invariant multipole of the anisotropy, 〈a2l 〉 ≡ 〈|alm|2〉 is
related to Pϕδφ and PCαβ through formulae in Eq. (61)
of [7] and Eq. (56) of [8], [16]. Thus, the observed values
(or limits) of 〈a2l 〉 constrain directly Pϕδφ and PCαβ , thus
constrain Hi and λ/ξ
2.
For the scale independent spectra in Eqs. (7,8) 〈a2l 〉
can be integrated. The quadrupole anisotropy is the fol-
lowing [17]
〈a22〉 = 〈a22〉S + 〈a22〉T
=
π
75
Pϕδφ + 7.74
1
5
3
32
PCαβ . (9)
The four-year COBE-DMR data shows [19]:
Qrms−PS = 18± 1.6µK, T0 = 2.725± 0.020K, (10)
〈a22〉 =
4π
5
(
Qrms−PS
T0
)2
≃ 1.1× 10−10, (11)
where Qrms−PS is the quadrupole anisotropy normalized
to fit the entire power spectrum for a scale independent
spectrum.
Depending on the dominance of the scalar- or tensor-
type structures, from Eqs. (7-11) we can derive con-
straints on H2i and λ/ξ
2. In order to alleviate the con-
straint on λ we consider a case with |ξ| ≫ 1. Introducing
a ratio r2 ≡ 〈a22〉T /〈a22〉S we have:
λ
ξ2
=
r2
1 + r2
1280π2
7.74
〈a22〉 ≃ 1.8× 10−7
r2
1 + r2
,
Hi
mpl
≃ 5.1× 10−5
√ √
r2
1 + r2
. (12)
At this point, let us check the conditions used for Eq.
(2). Both the slow-roll and the potential dominance con-
ditions lead to |H˙/H2| ≪ 1 which gives r2 ≪ 43. From
Eq. (2) we can show κ2|ξ|φ2 ≃ 4.3/√r2. Thus, the
strong-coupling condition requires r2 ≪ 18. The near-
exponential condition will be used later, see Eq. (15).
In ordinary chaotic inflation based on a minimally
coupled scalar field with self-coupling, the observed
quadrupole anisotropy severely constrains λ [1,3], see
however [20]. The original motivation for considering the
strong non-minimal coupling is to relax the strong con-
straint on λ by introducing a large ξ [4,5]: the result is
in Eq. (12).
Authors of [2,4,5] considered only the scalar-type struc-
ture. Together with the condition of successful inflation
with enough number of e-folds N ∼ Hi(te − tb) > 70
[tb and te are the beginning and the ending epochs of
inflation] they derived a rough constraint on λ/ξ2. The
e-folding number is roughly estimated as
2
N ∼
∫ te
tb
Hdt ∼ 3
4
κ2|ξ|φ2
∣∣∣b
e
∼ 72π ξ
2
λ
(
Hi
mpl
)2
. (13)
In terms of this estimate of N , Eq. (7) becomes
P1/2ϕδφ ∼
N
6
√
2π
√
λ
ξ2
, (14)
which is N/
√
3 times P1/2Cαβ in Eq. (8). In such a case, a
constraint on λ/ξ2 was derived in [2,4,5] using N ∼ 70.
However, N is not a fixed parameter, and the relation
in Eq. (13) almost violates the near-exponential condi-
tion. Authors of [6] considered the gravitational wave,
but made an error indicated in [14].
As a matter of fact, using N > 70 we can derive a
further strong constraint on the gravitational wave con-
tribution, r2. The near-exponential condition on H in
Eq. (2) implies that, during inflation tb < t < te, we
have Hi|t − ti| ≪ 32κ2|ξ|φ2, and the enough e-folds con-
dition leads to
70 < N ∼ 2Hi(te − ti)≪ 3κ2|ξ|φ2 ≃ 13/√r2. (15)
Thus, we have
r2 ≪ 0.034, (16)
which is a much stronger constraint than from the other
conditions below Eq. (12).
Similar analyses can be made in the case of the induced
gravity which is a case of Eq. (1) with f = ǫφ2R, ω =
1, and V = 14λ(φ
2 − v2)2. A chaotic-type inflation is
possible with an assumption φ2 ≫ v2 [21,4]; with this
condition the inflation scenario is exactly the same as
the one based on a nonminimally-coupled scalar field with
strong coupling and V = 14λφ
4. By replacing ξ → −ǫ and
ξκ2 → −v2, our analyses and results also apply exactly to
the inflation based on induced gravity; the only difference
appears in Eq. (4) because we have written it in a general
form including Einstein gravity limit.
In summary, if a non-minimally coupled scalar field
with a self-coupling (or induced gravity) provides a
chaotic-type inflation scenario generating the observed
large-scale structures, the four-year COBE-DMR data
gives constraints on the ratio of parameters and the ex-
pansion rate in the inflation era: see Eq. (12). A con-
dition of successful inflation with enough e-folds gives a
strong upper-limit on the gravitational wave contribu-
tion: see Eq. (16). Therefore, as a conclusion we would
like to mention that, although the present observation
allows only narrow parameter ranges, the chaotic-type
inflation model based on non-minimally coupled scalar
field or induced gravity still provides a viable scenario
for the early universe. However, any excessive amount of
the gravitational wave detected in future CMBR exper-
iments can rule out the possibility. Forecasts on detect-
ing the gravitational wave contributions to the CMBR
anisotropies and polarizations in future CMBR experi-
ments using planned MAP and Planck satellite missions
with high-accuracy and small angular resolution are in-
vestigated in [22].
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